In this paper we investigate the existence of a fixed point of multivalued maps on almost p-convex and p-convex subsets of topological vector spaces. Our results extend and generalize some fixed point theorems on the topic in the literature, such as the results of Himmelberg, Fan and Glicksberg. MSC: 46T99; 47H10; 54H25; 54E50; 55M20; 37C25
Introduction and preliminaries
In nonlinear analysis, one of the dynamic research areas is investigation of existence of a fixed point of maps on convex sets and p-convex sets. Recently, a number of fixed point theorems have appeared on the setting of p-convex sets. For instance, Alimohammady et al. [] extended the Markov-Kakutani fixed point theorem for compact p-star shaped subsets in topological vector spaces by using p-convex sets instead of convex sets, see also [, ] . Further, in [] authors achieved a fixed point theorem due to Park for a compact mapping on a p-star shaped subset of a topological vector space via Fan-KKM principle in a generalized convex space. In [, ], generalized versions of Brouwer and Kakutani fixed point theorems were characterized in the context of locally p-convex space.
On the other hand, in  Park and Kim introduced the concept of generalized convex space, which extends many generalized convex structures on topological vector spaces [] . This new concept, developed in connection with fixed point theory and KKM theory, generalizes topological vector spaces.
Maki [] introduced the notion of minimal spaces which is a generalization of the concept of topological spaces (see also [] ). After these initial papers, many authors have paid attention to the subject and have published several results in this direction; see, e.g., [-] . Very recently, Darzi et al. [] introduced the notion of minimal generalized convex space as to extend the construction of the generalized convex space.
For the sake of completeness, we recall some basic definitions and fundamental results in the literature. All we need regarding topological vector spaces can be found in [-] .
Let U be a subset of a vector space V and x, y ∈ U and  < p ≤ . Bayoumi [] introduced the notion of arc segment joining x and y, as follows:
A set X in a vector space V is said to be p-convex if A y x ⊆ X for every x, y ∈ X. The p-convex hull of X denoted by C p (X) is the smallest p-convex set containing X [] . Further, the closed p-convex hull of X denoted by C p (X) is the smallest closed p-convex set containing X ⊆ E, where E is a topological vector space. Notice that if p =  and s + t = , then A y x turns out to be the line segment joining x and y. In this case, C p (X) and C p (X) become the convex hull and the closed convex hull of X, respectively. For more details, we refer to, e.g., [, , -] and references therein.
Let X be a nonempty set. Then a family M ⊆ P(X) is said to be a minimal structure on 
For more details on minimal structure and minimal space, we refer the reader to, e.g., [, , -, , ]. The continuity of maps in a minimal space is defined as follows.
Definition . []
Suppose that (X, τ ) is a topological space, and also suppose that
Let X and Y be two nonempty sets and P(Y ) be the set of all subsets of Y . A set-valued map or a set-valued function from X into Y is a function from X to P(Y ) that assigns an element x of X to a nonempty subset T(x) of Y and is denoted by x T(x). The lower inverse of a point y ∈ Y of a set-valued map T is the set-valued map
Analogously, lower inverse of a subset of B ⊂ Y is defined as
We note that T l (∅) = ∅. The set {x ∈ X : T(x) ⊆ B} is the upper inverse of B and is denoted 
Let D denote the set of all nonempty finite subsets of a set D, and let n be the n-simplex with vertices e  , e  , . . . , e n , J be the face of n corresponding to J ∈ A , where A ∈ D . For instance, if A = {a  , a  , . . . , a n } and
then the notion of MG-convex space turns into G-convex space (see, e.g., [] ). On the other hand, suppose that (X, M) is a minimal vector space which is not a topological vector space. Consider the set-valued map :
is a minimal generalized convex space; of course, we know that (X, ) is not a generalized convex space [] .
We state two useful theorems of Alimohammady et al.
[] as follows.
Theorem . [] Suppose that (X, D, ) is an MG-convex space and F
: z ∈ D} has the finite intersection property.
In this paper we investigate the existence of a fixed point on the setting of locally pconvex spaces. In particular, we establish a generalized version of Alexandroff-Pasynkoff theorem. Furthermore, we present a generalization of the Himmelberg fixed point theorem. We also prove Fan-Glicksberg result for p-convex sets. http://www.fixedpointtheoryandapplications.com/content/2013/1/312
Main results
We start this section with the following result which is inspired by Theorem . and Theorem ..
Theorem . Suppose that A is a subset of a topological vector space X and B is a nonempty subset of A with C p (B) ⊆ A. Also suppose that F : B
A is a set-valued map satisfying
Then {F(b) : b ∈ B} has the finite intersection property.
Proof Consider the set-valued map : B A defined by 
for some j ∈ {, , . . . , k}. Notice that i j =  if and only if i j - = n, and so ({z i  , z i  , . . . , z i k }) ⊆ Example . It is easy to see that any p-convex subset of a topological vector space X is almost p-convex. If we delete a certain subset of the boundary of a closed p-convex set, then we have an almost p-convex set.
Definition . Let A be a subset of a topological vector space X. A set-valued map T :
A A is said to have the p-convexly almost fixed point property if for every p-convex neighborhood U of  in X, there exists a point a U ∈ A for which a U ∈ T(a U )+U or T(a U )∩ (a U + U) = ∅.
Theorem . Let A be a subset of a topological vector space X and B be an almost pconvex dense subset of A. Suppose that T : A X is a lower (resp. upper) semicontinuous set-valued map such that T(b) is p-convex for all b ∈ B, and also suppose that there is a precompact subset K of A such that T(b) ∩ K = ∅ for all b ∈ B. Then T has the p-convexly almost fixed point property.
Proof Suppose that U is a p-convex neighborhood of  and suppose that T is lower semicontinuous. There is a symmetric open neighborhood V of  for which V + V ⊆ U. Since K is precompact, so there are x  , x  , . . . , x n in K for which K ⊆ 
C, T(x U ) and U are p-convex and hence
i.e., T has the p-convexly almost fixed point property.
Finally, for the case that T is upper semicontinuous, we note that
The rest of the proof is similar to the proof of the case that T is l.s.c. Regarding the analogy, we skip the proof.
Corollary . Let A be a p-convex subset of a topological vector space X, and let T : A X be a lower (resp. upper) semicontinuous set-valued map such that T(a) is p-convex for all a ∈ A. Suppose that there is a precompact subset K of A such that T(a) ∩ K = ∅ for all a ∈ A. Then T has the p-convexly almost fixed point property.
Proof It is sufficient to take A = B in Theorem ..
Corollary . Let A be a subset of a topological vector space X, and let B be an almost p-convex dense subset of A. Suppose that T :
A X is a set-valued map satisfying http://www.fixedpointtheoryandapplications.com/content/2013/1/312
Then T has the p-convexly almost fixed point property.
Proof It is clear that (a) implies that T is a lower (resp. upper) semicontinuous set-valued map and hence T has the p-convexly almost fixed point property by Theorem ..
Corollary . Let A be a p-convex subset of a topological vector space X, and let T : A X be a compact set-valued map satisfying the following conditions:
( 
Theorem . Suppose that A is a subset of a locally p-convex space X and B is an almost p-convex dense subset of A. Suppose that T : A A satisfies the following: (a) T is compact upper semicontinuous, (b) T(a) is closed for all a ∈ A, (c) T(b) is nonempty p-convex for all b ∈ B. Then T has a fixed point.
Proof Since all the conditions of Theorem . are satisfied and since X is a locally p-convex space, T has the almost fixed point property. Then, for an arbitrary neighborhood U of , there exist a U and b U in A for which b U ∈ T(a U ) ∩ (a U + U). Since T is compact, we conclude that there is a  ∈ T(A) ⊆ A in which the net b U − → a  . Because X is Hausdorff, a U − → a  . Since T is an upper semicontinuous set-valued map with closed values, Graph(T) is closed. Consequently, a  is a fixed point of T. Proof Suppose that U is the family of neighborhoods of  in X. For any element U of U , since T has the almost fixed point property, so there exist a U , b U ∈ A for which b U ∈ T(a U ) and b U ∈ a U + U. Now, consider the nets {a U } and {b U }. By (a) we have T(A) is compact and hence {b U } has a subnet converging to b  . We may assume that b U − → b  . Since X is Hausdorff, there is a subnet of a U converging to b  . The fact that b  ∈ T(b  ) follows from (a U , b U ) ∈ Graph(T) and the fact that Graph(T) is closed.
Corollary . Suppose that A is a p-convex subset of a locally p-convex space X. Suppose that T : A A satisfies the following: (a) T is compact upper semicontinuous, (b) T(a) is closed for all a ∈ A, (c) T(a) is nonempty p-convex for all

Corollary . Suppose that A is a p-convex subset of a locally p-convex space X and that T : A
A satisfies the following: (a) T is compact and closed, 
Proof It is straightforward. Proof Suppose that U is a fundamental system of open neighborhoods of . Since T has the p-convexly almost fixed point property, for any U ∈ U , there is an a U ∈ A such that a U ∈ T(a U ) + C p (U). Hence, T C p (U) = ∅ for each U ∈ U . Now, since U is a fundamental system of open neighborhoods of , we deduce that for any U, V ∈ U , there is W ∈ U such that
Therefore {T C p (U) : U ∈ U} has the finite intersection property. It follows from the compactness of A that U∈U T C p (U) = ∅. Therefore, by the condition (b) there is an a  ∈ A for which a  ∈ U∈U T U , that is, a  ∈ T(a  ) + U for all U ∈ U . Regarding U∈U (T(a  ) + U) = T(a  ), we derive that T has a fixed point. Consequently, all the conditions of Corollary . hold and hence T has a fixed point.
Remark . Theorem . is a generalization of the Fan-Glicksberg theorem [, ] and its convex version can be found in [] . Notice also that Theorem . can be derived from Theorem ..
